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Creating and moving nanoantenna cold spots
anywhere
Alex J. Vernon1✉ and Francisco J. Rodríguez-Fortuño 1✉

Abstract
Cold spots are sub-wavelength regions which might emerge near a nanoantenna, should one or more components of
some far-field illumination cancel out with scattered light. We show that by changing only the polarisation, amplitude,
and phase of two plane waves, a unique, zero-magnitude and highly sub-wavelength cold spot can be created and
moved anywhere in the space around a nanoantenna of any arbitrary shape. This can be achieved using ultra-fast
modulated pulses, or a time-harmonic approximation. Easily disturbed by a change in the nanoantenna’s material or
position, a manufactured cold spot is fragile and could be used in nanoscale sensing. Our technique exploits the
linearity of Maxwell’s equations and could be adapted to manipulate any phenomena governed by the linear wave
equation, including acoustic scattering. This is a means for potentially ultra-fast sub-wavelength electric field
manipulation.

Introduction
If visible light shines on a small particle, power will be

scattered in different directions. By changing the particle’s
shape, much of this power can be squeezed into confined
pockets of space, referred to as hot spots1,2. In exchange,
dimmer regions develop around the particle where the
scattered and incident light begin to cancel out, and any
dark zone where one or more components of interest are
completely suppressed is called a cold spot3,4.
Plasmonic nanoantennas are engineered to scatter

optical-frequency light in a valuable way5,6, with many
structures designed to brighten received light in hot spots
by a factor of over 1000. Such highly intense hot spots
have been applied to photovoltaics7–12, and are a natural
asset to fluorescence13,14 and surface-enhanced Raman
scattering spectroscopy15–18 as well as biosensing and
other nanomedicine applications19–23. Meanwhile,
advanced microscopy techniques have emerged in the last
twenty years, relying on fluorescent molecules to beat the
diffraction limit of light and produce super-resolution

images. Fluorophores can be switched ‘on’ and ‘off’ by
light, which is the basis for the two fundamental
approaches used amongst PALM/STORM24,25, STED26

and MINFLUX27. While PALM/STORM stochastically
activate molecules one by one to discover their relative
positions, STED and MINFLUX localise molecules by
shining with a beam containing electric field zeros; these
zeros are commonly delivered in two-dimensional form
by a doughnut beam and are similar to cold spots in the
nanoantenna context. Hot and cold spots have already
seen use as fluorophore switches, and in one example two
quantum dots were selectively addressed by changing the
handedness of some elliptically polarised incident light28.
An alternative application for cold spots might exploit the
fact that a beam, blue-detuned with respect to a certain
electron transition, can push atoms into wells of low
electric field intensity29. If an illuminated nanostructure
unlocks the ability to manipulate an electric field of
appropriate wavelength, atoms could be trapped and
easily manoeuvred in controllable cold spots. Whether or
not a hot or cold spot emerges in a nanoantenna’s near
field depends on its geometry and material properties, and
the incoming light. The phase shift introduced by the
nanoantenna as it scatters light is tuneable by changing
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waves of any wavevector, has a 3 ´ 4 coefficient matrix of
its own and a corresponding null space which creates a
cold spot at r0. The variables x1�4 are the four key
ingredients needed to control the position of a single cold
spot and can be sourced from any combination of incident
fields; four TE polarised fields make an equally valid
illuminating field, for example. More degrees of freedom
can enforce more conditions, such as those which create
simultaneous cold spots or control the derivatives of the
total field at different points in space.
To summarise, one can enforce a zero-magnitude cold

spot at any position r0 by first finding the individual
electric fields, E1ðr0Þ, E2ðr0Þ, E3ðr0Þ and E4ðr0Þ, developed
by each of four degrees of freedom (the linear compo-
nents of two incoming plane waves, for example). These
fields may be found with any available method, be it
analytical or numerical. Writing Eiðr0Þ as the columns of a
3 × 4 matrix A r0ð Þ, the complex amplitude of each degree
of freedom which produces the cold spot is given in the
nullspace x of A r0ð Þ. So far, we have not imposed any
restrictions on the geometry or material of the nanoan-
tenna. The simple linear algebra concepts, which describe
how two plane waves’ electric field vectors can design a
zero at any location, function as long as [Eq. 2] holds true
which, provided no non-linear materials, it does in any
volume of space under illumination by two plane waves.
No mention of how the plane waves are scattered (if at all)
is needed. A resonant nanoantenna simply serves to
rupture the interference pattern set up by the plane waves,
sculpting its planar zero nodes into point-like, high con-
trast cold spots.

Demonstrations
As long as we understand how each incident field

polarisation component interacts with a nanoantenna and
develops a total electric field throughout space, we can
make a cold spot at any position r0. One might do this for
a general nanoantenna with a complicated analytical
model, like the discrete dipole approximation, or in a far
less time-consuming manner using numerical simula-
tions. Whichever method is chosen is unimportant; what
matters is that the electric fields Eiðr0Þ of [Eq. 2] asso-
ciated with the nanoantenna and incident fields are found.
We first present a basic analytical model, where a cold
spot is moved in an arbitrarily chosen helical path around
two coupled dipolar scatterers, under illumination by two
plane waves Ea and Eb. We avoid modelling a single point
scatterer to prevent a situation where, at a certain distance
from the dipole, the cold spot explodes into a zero plane
because the dipole falls into a node of the incident
interference pattern Ea rð Þ þ Eb rð Þ. The two wavevectors
ka and kb, given in the caption of Fig. 2(a), are chosen
arbitrarily, with one important consideration made to
avoid mirror-symmetric scattering of Ea and Eb. This is

simply that ka and kb are not anti-parallel (ka ¼ �kb) and
aligned with a symmetry axis of the two separated dipoles.
If this were the case, then any attempt to force a cold spot
at a certain location r0 would result in a pair of cold spots,
one at r0, and the other in a symmetric position. Our
otherwise arbitrary choice of ka and kb develop an
asymmetric electric field around the dipoles and ensure
the uniqueness of the exact zero. Further mathematical
details, including use of the coupled dipole model to
derive the columns Eiðr0Þ of the system matrix A r0ð Þ for
any number of plane waves incident on any number of
dipolar scatterers, are found in the supplementary infor-
mation. A far more complicated analytical model of any
nanoantenna geometry could be built using the discrete
dipole approximation.
With both dipoles suspended in free space and separated

by 300 nm, the wavelength of the plane waves was λ ¼ 500
nm. The Mie polarisability of the dipoles was calculated as
though they were identical silver nanospheres (εAg ¼
�8:28þ 0:78i at the incident wavelength36) of 80 nm
radius. The arrangement is shown in Fig. 2(a). By tuning
only the polarisation, relative intensity and phase of the
plane waves Ea and Eb, via the complex variables x1�4, a cold
spot was moved along a helical path. The total electric field
Et rð Þ, was found by adding the exact field radiated from two
coupled electric dipoles to the combined incident field,
Ea rð Þ þ Eb rð Þ. In three different stages in its journey, plots
of the intensity enhancement on the xy plane coinciding
with the cold spot are shown in Fig. 2(b). The intensity
enhancement describes how many times stronger the local
power density, Etj j2, is than that of the combined incident
field Eaj j2þ Ebj j2, which is the magnitude squared of the
solution to [Eq. 3], xj j2. Given in a logarithmic scale, the
plotted quantity is proportional to the logarithmic electric
field magnitude; the colour map reveals the regions of high
and low intensity set up by the sum of the incident and
dipolar fields. Our analytical calculations are verified by
numerical simulations in CST Microwave Studio, the results
given in the inset of each field distribution. For each of the
three presented cold spot positions, a simulation of the two-
dipole, two-plane wave arrangement, including the analyti-
cally calculated polarisation states of the plane waves, was
performed with physical silver nanospheres in place of the
dipoles. These simulations check the correctness of our
analytical calculations, and the validity of the dipole
approximation they use, by replicating the analytical model
perfectly save for the exact spherical geometry of the parti-
cles, which support (albeit small) higher order multipoles
and have a realistic internal field. The cold spot is seen
clearly in each inset; our analytical and numerical results are
in excellent agreement.
In a second scenario, two plane waves are incident in

free space on a silver toroidal particle with the same
wavevector directions as ka and kb of the analytical model,
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the antenna length, making it possible to enhance or
practically eliminate one component of the overall electric
field in one or more known locations30. Swappable hot
and cold spots have also been demonstrated in the
nanogap of two rods by changing only the polarisation of
the incident field31. Similarly promising techniques offer
ultra-fast hot spot switching between different locations
near a nanostructure using Fourier limited or chirped
pulses32, or by changing the direction of propagation of
the incident light33. Unfortunately, hot spots are tightly
bound to the shape of the nanoantenna and are not free to
be moved anywhere in space. But a cold spot is. In this
work, we show that with simple and potentially ultrafast
changes in the polarisation of the illuminating light, the
electric fields near a nanoantenna can be designed to
destructively interfere in the right places and steer a cold
spot along an arbitrary path in space. This way, a cold
spot’s movement can be mapped to an incident field’s
polarisation signature on the Poincaré sphere.
The components of an incident field, such as a plane

wave, set up different electric fields upon interacting with
the nanoantenna. Balancing the share of power and the
phase difference between these components, it is possible
to control some aspects of the total field in the nanoan-
tenna’s surroundings34,35. Each plane wave component
affords a handle to turn and manipulate the electric field
surrounding the antenna; given enough handles, we can
create a cold spot wherever we like. The minimum
number of controllable plane wave components needed
incident on the antenna depends on how many compo-
nents of the total electric field we wish to extinguish.
Here, we present full position control of a zero-magni-
tude, three-dimensional cold spot by changing only the
electric field components of two plane waves (Fig. 1),
justified next. Though we apply our work to the context of
electric fields around a nanoantenna, the underlying idea

is valid for any phenomenon which follows the linear
wave equation – including scalar acoustic fields, surface
water waves, or even gravitational waves in linearised
gravity, for example.

Results
Degrees of freedom
Lit by a single plane wave Ea rð Þe�iωt with wavevector ka,

a nanoantenna scatters some amount of power towards a
point of interest r0. The time-independent total electric
field phasor, Etðr0Þ, is the sum of the exciting and scat-
tered fields and r0 will foster a time-independent cold spot
if Et r0ð Þ ¼ 0. Equating the three components of Etðr0Þ to
zero, we build a system of three independent equations,
linear with respect to the variables offered by Ea. A cold
spot, held under a non-zero exciting field, can be created
anywhere r0 points to if there are at least four variables
provided to the three scalar equations in Et r0ð Þ ¼ 0.
These three equations are what we refer to as the linear
system of equations needing solved. By itself, the electric
field vector Ea enjoys only two degrees of freedom. The
transversality condition restricts it to the plane perpen-
dicular to ka, so that it is always fully expressed as the sum
of two components; a complex amplitude, xi, multiplied
by an in-plane basis vector, êi, for i ¼ 1; 2 [Eq. 1],

Ea rð Þ ¼ x1ê1 þ x2ê2ð Þeika�r ð1Þ

One degree of freedom in this context translates to one
variable in the system of equations Et r0ð Þ ¼ 0; a single
plane wave cannot buy us a non-trivial solution. If a second
plane wave, Eb rð Þ ¼ x3ê3 þ x4ê4ð Þeikb�r, shines on the
nanoantenna, then four variables in total are contributed to
the linear system of equations, surpassing the number of
conditions needing satisfied (three). Because of the linearity
of Maxwell’s equations, the total field evaluated at r0 can be
written as the linear sum of xi times the electric fields Eiðr0Þ
which xi are directly responsible for setting up (for instance,
E3ðr0Þ is the total field that exists at r0 when x3 ¼ 1 and all
other plane wave components are zero) [Eq. 2],

Etðr0Þ ¼ x1E1 r0ð Þ þ x2E2 r0ð Þ þ x3E3 r0ð Þ þ x4E4ðr0Þ
ð2Þ

This equation may be compactly written in matrix form,
when the vectors Eiðr0Þ form the columns of the 3 ´ 4
coefficient matrix A r0ð Þ, and xi belong to the column
vector x [Eq. 3],

A r0ð Þx ¼ Etðr0Þ ð3Þ

It is possible to fix a cold spot at any r0 by calculating
the null space of A r0ð Þ. In fact, any arrangement of par-
ticles of any shape and size, illuminated by two plane

λ

Fig. 1 The concept A cold spot moved in an arbitrary path (red line)
around a nanoparticle by the changing polarisation of two
plane waves
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waves of any wavevector, has a 3 ´ 4 coefficient matrix of
its own and a corresponding null space which creates a
cold spot at r0. The variables x1�4 are the four key
ingredients needed to control the position of a single cold
spot and can be sourced from any combination of incident
fields; four TE polarised fields make an equally valid
illuminating field, for example. More degrees of freedom
can enforce more conditions, such as those which create
simultaneous cold spots or control the derivatives of the
total field at different points in space.
To summarise, one can enforce a zero-magnitude cold

spot at any position r0 by first finding the individual
electric fields, E1ðr0Þ, E2ðr0Þ, E3ðr0Þ and E4ðr0Þ, developed
by each of four degrees of freedom (the linear compo-
nents of two incoming plane waves, for example). These
fields may be found with any available method, be it
analytical or numerical. Writing Eiðr0Þ as the columns of a
3 × 4 matrix A r0ð Þ, the complex amplitude of each degree
of freedom which produces the cold spot is given in the
nullspace x of A r0ð Þ. So far, we have not imposed any
restrictions on the geometry or material of the nanoan-
tenna. The simple linear algebra concepts, which describe
how two plane waves’ electric field vectors can design a
zero at any location, function as long as [Eq. 2] holds true
which, provided no non-linear materials, it does in any
volume of space under illumination by two plane waves.
No mention of how the plane waves are scattered (if at all)
is needed. A resonant nanoantenna simply serves to
rupture the interference pattern set up by the plane waves,
sculpting its planar zero nodes into point-like, high con-
trast cold spots.

Demonstrations
As long as we understand how each incident field

polarisation component interacts with a nanoantenna and
develops a total electric field throughout space, we can
make a cold spot at any position r0. One might do this for
a general nanoantenna with a complicated analytical
model, like the discrete dipole approximation, or in a far
less time-consuming manner using numerical simula-
tions. Whichever method is chosen is unimportant; what
matters is that the electric fields Eiðr0Þ of [Eq. 2] asso-
ciated with the nanoantenna and incident fields are found.
We first present a basic analytical model, where a cold
spot is moved in an arbitrarily chosen helical path around
two coupled dipolar scatterers, under illumination by two
plane waves Ea and Eb. We avoid modelling a single point
scatterer to prevent a situation where, at a certain distance
from the dipole, the cold spot explodes into a zero plane
because the dipole falls into a node of the incident
interference pattern Ea rð Þ þ Eb rð Þ. The two wavevectors
ka and kb, given in the caption of Fig. 2(a), are chosen
arbitrarily, with one important consideration made to
avoid mirror-symmetric scattering of Ea and Eb. This is

simply that ka and kb are not anti-parallel (ka ¼ �kb) and
aligned with a symmetry axis of the two separated dipoles.
If this were the case, then any attempt to force a cold spot
at a certain location r0 would result in a pair of cold spots,
one at r0, and the other in a symmetric position. Our
otherwise arbitrary choice of ka and kb develop an
asymmetric electric field around the dipoles and ensure
the uniqueness of the exact zero. Further mathematical
details, including use of the coupled dipole model to
derive the columns Eiðr0Þ of the system matrix A r0ð Þ for
any number of plane waves incident on any number of
dipolar scatterers, are found in the supplementary infor-
mation. A far more complicated analytical model of any
nanoantenna geometry could be built using the discrete
dipole approximation.
With both dipoles suspended in free space and separated

by 300 nm, the wavelength of the plane waves was λ ¼ 500
nm. The Mie polarisability of the dipoles was calculated as
though they were identical silver nanospheres (εAg ¼
�8:28þ 0:78i at the incident wavelength36) of 80 nm
radius. The arrangement is shown in Fig. 2(a). By tuning
only the polarisation, relative intensity and phase of the
plane waves Ea and Eb, via the complex variables x1�4, a cold
spot was moved along a helical path. The total electric field
Et rð Þ, was found by adding the exact field radiated from two
coupled electric dipoles to the combined incident field,
Ea rð Þ þ Eb rð Þ. In three different stages in its journey, plots
of the intensity enhancement on the xy plane coinciding
with the cold spot are shown in Fig. 2(b). The intensity
enhancement describes how many times stronger the local
power density, Etj j2, is than that of the combined incident
field Eaj j2þ Ebj j2, which is the magnitude squared of the
solution to [Eq. 3], xj j2. Given in a logarithmic scale, the
plotted quantity is proportional to the logarithmic electric
field magnitude; the colour map reveals the regions of high
and low intensity set up by the sum of the incident and
dipolar fields. Our analytical calculations are verified by
numerical simulations in CST Microwave Studio, the results
given in the inset of each field distribution. For each of the
three presented cold spot positions, a simulation of the two-
dipole, two-plane wave arrangement, including the analyti-
cally calculated polarisation states of the plane waves, was
performed with physical silver nanospheres in place of the
dipoles. These simulations check the correctness of our
analytical calculations, and the validity of the dipole
approximation they use, by replicating the analytical model
perfectly save for the exact spherical geometry of the parti-
cles, which support (albeit small) higher order multipoles
and have a realistic internal field. The cold spot is seen
clearly in each inset; our analytical and numerical results are
in excellent agreement.
In a second scenario, two plane waves are incident in

free space on a silver toroidal particle with the same
wavevector directions as ka and kb of the analytical model,
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the antenna length, making it possible to enhance or
practically eliminate one component of the overall electric
field in one or more known locations30. Swappable hot
and cold spots have also been demonstrated in the
nanogap of two rods by changing only the polarisation of
the incident field31. Similarly promising techniques offer
ultra-fast hot spot switching between different locations
near a nanostructure using Fourier limited or chirped
pulses32, or by changing the direction of propagation of
the incident light33. Unfortunately, hot spots are tightly
bound to the shape of the nanoantenna and are not free to
be moved anywhere in space. But a cold spot is. In this
work, we show that with simple and potentially ultrafast
changes in the polarisation of the illuminating light, the
electric fields near a nanoantenna can be designed to
destructively interfere in the right places and steer a cold
spot along an arbitrary path in space. This way, a cold
spot’s movement can be mapped to an incident field’s
polarisation signature on the Poincaré sphere.
The components of an incident field, such as a plane

wave, set up different electric fields upon interacting with
the nanoantenna. Balancing the share of power and the
phase difference between these components, it is possible
to control some aspects of the total field in the nanoan-
tenna’s surroundings34,35. Each plane wave component
affords a handle to turn and manipulate the electric field
surrounding the antenna; given enough handles, we can
create a cold spot wherever we like. The minimum
number of controllable plane wave components needed
incident on the antenna depends on how many compo-
nents of the total electric field we wish to extinguish.
Here, we present full position control of a zero-magni-
tude, three-dimensional cold spot by changing only the
electric field components of two plane waves (Fig. 1),
justified next. Though we apply our work to the context of
electric fields around a nanoantenna, the underlying idea

is valid for any phenomenon which follows the linear
wave equation – including scalar acoustic fields, surface
water waves, or even gravitational waves in linearised
gravity, for example.

Results
Degrees of freedom
Lit by a single plane wave Ea rð Þe�iωt with wavevector ka,

a nanoantenna scatters some amount of power towards a
point of interest r0. The time-independent total electric
field phasor, Etðr0Þ, is the sum of the exciting and scat-
tered fields and r0 will foster a time-independent cold spot
if Et r0ð Þ ¼ 0. Equating the three components of Etðr0Þ to
zero, we build a system of three independent equations,
linear with respect to the variables offered by Ea. A cold
spot, held under a non-zero exciting field, can be created
anywhere r0 points to if there are at least four variables
provided to the three scalar equations in Et r0ð Þ ¼ 0.
These three equations are what we refer to as the linear
system of equations needing solved. By itself, the electric
field vector Ea enjoys only two degrees of freedom. The
transversality condition restricts it to the plane perpen-
dicular to ka, so that it is always fully expressed as the sum
of two components; a complex amplitude, xi, multiplied
by an in-plane basis vector, êi, for i ¼ 1; 2 [Eq. 1],

Ea rð Þ ¼ x1ê1 þ x2ê2ð Þeika�r ð1Þ

One degree of freedom in this context translates to one
variable in the system of equations Et r0ð Þ ¼ 0; a single
plane wave cannot buy us a non-trivial solution. If a second
plane wave, Eb rð Þ ¼ x3ê3 þ x4ê4ð Þeikb�r, shines on the
nanoantenna, then four variables in total are contributed to
the linear system of equations, surpassing the number of
conditions needing satisfied (three). Because of the linearity
of Maxwell’s equations, the total field evaluated at r0 can be
written as the linear sum of xi times the electric fields Eiðr0Þ
which xi are directly responsible for setting up (for instance,
E3ðr0Þ is the total field that exists at r0 when x3 ¼ 1 and all
other plane wave components are zero) [Eq. 2],

Etðr0Þ ¼ x1E1 r0ð Þ þ x2E2 r0ð Þ þ x3E3 r0ð Þ þ x4E4ðr0Þ
ð2Þ

This equation may be compactly written in matrix form,
when the vectors Eiðr0Þ form the columns of the 3 ´ 4
coefficient matrix A r0ð Þ, and xi belong to the column
vector x [Eq. 3],

A r0ð Þx ¼ Etðr0Þ ð3Þ

It is possible to fix a cold spot at any r0 by calculating
the null space of A r0ð Þ. In fact, any arrangement of par-
ticles of any shape and size, illuminated by two plane

λ

Fig. 1 The concept A cold spot moved in an arbitrary path (red line)
around a nanoparticle by the changing polarisation of two
plane waves
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which encloses the cold spot [Eq. 4],

vTBv ¼
~Et

�� ��2
xj j2

ð4Þ

The cold spot is characterised by the real, positive-
definite matrix B ¼ 1

xj j2 Re JT J�
� �

; its eigenvectors reveal

the orientation of the ellipsoid’s principle axes and its
eigenvalues are the quadratic coefficients in the equation

λ1 x0 � x00
� �2þλ2 y0 � y00

� �2þλ3 z0 � z00
� �2¼ ~Et rð Þj j2

xj j2 , where x0,

y0, and z0 are aligned to the ellipsoid semi-axes. The intensity

enhancement
~Et rð Þj j2
xj j2 increases in quadratic fashion along x0,

y0, and z0, from zero in the cold spot at r00. The larger the
eigenvalue, measured in nm−2, the more confined the cold
spot is in the direction of the corresponding eigenvector.
The biggest (best-case) and smallest (worst-case) eigenvalues
belonging to the cold spot ellipsoid are plotted in Fig. 4(b) as
the cold spot moves along the two-particle and torus paths.
In the best-case direction, our three-dimensional cold spot
in either path is comparable to or smaller than a narrow,
two-dimensional doughnut beam zero used for fluorescent
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Fig. 4 Characterisation of incident fields and cold spots a Poincaré spheres showing the changes in each plane wave’s polarisation (red line: Ea,
blue line: Eb) as the cold spot is moved along the two-particle and torus paths. The hollow and filled circles represent the start and end polarisations
for the cold spot path (these are the same for the torus). The green line gives the relative phase and amplitude between the plane waves on a

superimposed Bloch sphere. The axes are S1 ¼ xmj j2� xnj j2, S2 ¼ 2Re xmx�n
� �

, and S3 ¼ �2Im xmx�n
� �

, where for the red, blue, and green lines,
xm; xn ¼ x1; x2, xm; xn ¼ x3; x4 and xm; xn ¼ x1; x3 respectively. b Biggest (best-case) and smallest (worst-case) of the eigenvalues (λ1;2;3) of B, the
matrix which characterises the cold spot shape, over the course of the two-particle and torus paths. Expanding the electric field in the cold spot and
calculating the nearby field intensity, the cold spot is seen to be ellipsoidal. The eigenvalues of B represent the reciprocals of the squares of the semi-

axes of the ellipsoid enclosing the cold spot, the ellipsoid surface defined at
~Et rð Þj j2
xj j2 ¼ 1
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Fig. 3 Moving a cold spot around a silver torus in simulations Results obtained for a torus particle, via numerical simulations. The intensity
enhancement on the xy plane containing a cold spot, moved along a circular path (angled into the page) by the polarisation, relative intensity and
phase of two plane waves with λ ¼ 800 nm, is plotted at two stages in the cold spot’s journey. The complete cold spot trajectory is animated in
the supplementary material

Vernon and Rodríguez-Fortuño Light: Science & Applications ���������(2022)�11:258� Page 5 of 10

only this time with an 800 nm wavelength. A cold spot is
created and sent along a circular trajectory, threading the
torus. Despite the significantly more complicated particle
geometry, numerical simulations make this no more dif-
ficult to achieve than a moving cold spot in our simple
analytical model; the specifics of the particle’s interaction
with incident light makes no difference. We take a
numerical approach to forcing a cold spot by finding the
electric fields Eiðr0Þ of [Eq. 2], and therefore the coeffi-
cient matrix A r0ð Þ, using simulations rather than an
analytical calculation. In the nullspace x of A r0ð Þ, we find
the plane wave polarisation components which develop a
cold spot at r0. We then simulate this specific polarisation
excitation with the two plane waves to verify the cold
spot’s successful creation. The cold spot is moved along
the circular path in Fig. 3 by changing r0 in steps, re-
solving for x, and re-simulating the torus with each new
plane wave polarisation.
These results are a reflection of the generality of [Eq. 2];

that an electric field zero can be enforced around any linear
light-scattering matter using simple linear algebra techni-
ques, hinging on four degrees of freedom supplied by an
arrangement of incident electric fields. An important next

step is to try to define the size and shape of the moving
cold spot.

Cold spot characterization
In Fig. 4, we characterise the incident plane waves and

cold spots of Fig. 2 and Fig. 3. In Fig. 4(a), the changing
polarisations of the two plane waves (red and blue lines)
responsible for moving the cold spot are mapped to the
Poincaré sphere for the circular (torus) and helical (two-
particle) paths. The green line encodes the relative
amplitude and phase offset between the plane waves on a
superimposed Bloch sphere. Meanwhile, a measure of the
size of the cold spots of the helical and circular paths is
given by Fig. 4(b). While a hot spot’s size can be measured
by its full width at half maximum, it is not easy to
appreciate the size of a cold spot with an exact zero at its
centre. We might begin by approximating the field nearby
with a first order Taylor expansion, ~Et rð Þ ¼ Jv, where J is
the Jacobian of Et rð Þ evaluated at the cold spot centre, r0,

and v ¼ r� r0. Computing
~Et rð Þj j2
xj j2 and equating to a

constant value
~Etj j2
xj j2 returns the equation of an ellipsoid
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Fig. 2 Moving a cold spot around two silver point scatterers in a theoretical framework a Helical path taken by a cold spot around two silver

nanoparticles, illuminated by two plane waves, Ea and Eb, with wavevectors ka ¼ k
ffiffi
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pffiffi
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. The free space

wavenumber k ¼ 2π
λ with λ ¼ 500 nm. The cold spot is moved along the path by changing x1�4, manifesting as the polarisation, relative intensity,

and phase of Ea and Eb. b Snapshots of the surrounding electric field obtained at three positions on the helical path, marked by the coloured rings in

(a). In the measured quantity, Etj j2
xj j2 , Etj j2 is the intensity of the total electric field and xj j2 ¼ jEaj2 þ jEbj2 is the squared magnitude of the solution to

A r0ð Þx ¼ 0. The inset distributions present numerically simulated results of the same scenario, with plane wave polarisations identical to the
analytical case. An animated version of this figure is found in the supplementary information
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which encloses the cold spot [Eq. 4],

vTBv ¼
~Et

�� ��2
xj j2

ð4Þ

The cold spot is characterised by the real, positive-
definite matrix B ¼ 1

xj j2 Re JT J�
� �

; its eigenvectors reveal

the orientation of the ellipsoid’s principle axes and its
eigenvalues are the quadratic coefficients in the equation

λ1 x0 � x00
� �2þλ2 y0 � y00

� �2þλ3 z0 � z00
� �2¼ ~Et rð Þj j2

xj j2 , where x0,

y0, and z0 are aligned to the ellipsoid semi-axes. The intensity

enhancement
~Et rð Þj j2
xj j2 increases in quadratic fashion along x0,

y0, and z0, from zero in the cold spot at r00. The larger the
eigenvalue, measured in nm−2, the more confined the cold
spot is in the direction of the corresponding eigenvector.
The biggest (best-case) and smallest (worst-case) eigenvalues
belonging to the cold spot ellipsoid are plotted in Fig. 4(b) as
the cold spot moves along the two-particle and torus paths.
In the best-case direction, our three-dimensional cold spot
in either path is comparable to or smaller than a narrow,
two-dimensional doughnut beam zero used for fluorescent
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, where for the red, blue, and green lines,
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matrix which characterises the cold spot shape, over the course of the two-particle and torus paths. Expanding the electric field in the cold spot and
calculating the nearby field intensity, the cold spot is seen to be ellipsoidal. The eigenvalues of B represent the reciprocals of the squares of the semi-

axes of the ellipsoid enclosing the cold spot, the ellipsoid surface defined at
~Et rð Þj j2
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Fig. 3 Moving a cold spot around a silver torus in simulations Results obtained for a torus particle, via numerical simulations. The intensity
enhancement on the xy plane containing a cold spot, moved along a circular path (angled into the page) by the polarisation, relative intensity and
phase of two plane waves with λ ¼ 800 nm, is plotted at two stages in the cold spot’s journey. The complete cold spot trajectory is animated in
the supplementary material
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only this time with an 800 nm wavelength. A cold spot is
created and sent along a circular trajectory, threading the
torus. Despite the significantly more complicated particle
geometry, numerical simulations make this no more dif-
ficult to achieve than a moving cold spot in our simple
analytical model; the specifics of the particle’s interaction
with incident light makes no difference. We take a
numerical approach to forcing a cold spot by finding the
electric fields Eiðr0Þ of [Eq. 2], and therefore the coeffi-
cient matrix A r0ð Þ, using simulations rather than an
analytical calculation. In the nullspace x of A r0ð Þ, we find
the plane wave polarisation components which develop a
cold spot at r0. We then simulate this specific polarisation
excitation with the two plane waves to verify the cold
spot’s successful creation. The cold spot is moved along
the circular path in Fig. 3 by changing r0 in steps, re-
solving for x, and re-simulating the torus with each new
plane wave polarisation.
These results are a reflection of the generality of [Eq. 2];

that an electric field zero can be enforced around any linear
light-scattering matter using simple linear algebra techni-
ques, hinging on four degrees of freedom supplied by an
arrangement of incident electric fields. An important next

step is to try to define the size and shape of the moving
cold spot.

Cold spot characterization
In Fig. 4, we characterise the incident plane waves and

cold spots of Fig. 2 and Fig. 3. In Fig. 4(a), the changing
polarisations of the two plane waves (red and blue lines)
responsible for moving the cold spot are mapped to the
Poincaré sphere for the circular (torus) and helical (two-
particle) paths. The green line encodes the relative
amplitude and phase offset between the plane waves on a
superimposed Bloch sphere. Meanwhile, a measure of the
size of the cold spots of the helical and circular paths is
given by Fig. 4(b). While a hot spot’s size can be measured
by its full width at half maximum, it is not easy to
appreciate the size of a cold spot with an exact zero at its
centre. We might begin by approximating the field nearby
with a first order Taylor expansion, ~Et rð Þ ¼ Jv, where J is
the Jacobian of Et rð Þ evaluated at the cold spot centre, r0,

and v ¼ r� r0. Computing
~Et rð Þj j2
xj j2 and equating to a

constant value
~Etj j2
xj j2 returns the equation of an ellipsoid
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nanoparticles, illuminated by two plane waves, Ea and Eb, with wavevectors ka ¼ k
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p ŷ� 2ffiffi
7

p ẑ
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λ with λ ¼ 500 nm. The cold spot is moved along the path by changing x1�4, manifesting as the polarisation, relative intensity,

and phase of Ea and Eb. b Snapshots of the surrounding electric field obtained at three positions on the helical path, marked by the coloured rings in

(a). In the measured quantity, Etj j2
xj j2 , Etj j2 is the intensity of the total electric field and xj j2 ¼ jEaj2 þ jEbj2 is the squared magnitude of the solution to

A r0ð Þx ¼ 0. The inset distributions present numerically simulated results of the same scenario, with plane wave polarisations identical to the
analytical case. An animated version of this figure is found in the supplementary information
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over the nanoantenna near field, we can encode the entire
path of a moving cold spot into four modulated pulses,
one per degree of freedom. We must stress that in this
section, we simply raise the possibility of ultra-fast, time-
domain cold spot control, and do not discuss the practi-
cality of generating the pulses with existing technology.
This cannot be guaranteed, though the science and
techniques of ultra-fast pulse shaping is a fast-growing
field. A time-harmonic approximation, through which we
arrive at [Eq. 3], gives a reasonable description of a time-
domain pulse only if its amplitude and phase vary slowly
over time compared to the designed incident frequency.
This has consequences for the clarity of the cold spot.
Here we test the limits of the time-harmonic approx-
imation, showing that a clear cold spot can be moved even
by short pulses. We enforce the time-dependent position

of a cold spot, r0 tð Þ, with two pairs of pulses, designed
under approximation throughout space as x1;2eika�rê1;2 and
x3;4eikb�rê3;4 (although our simulation results account for
propagation delay), each pair describing the time-varying
orthogonal components of one plane wave. Note that it is
not essential to use two plane waves here; one could
instead pulse the nanoantenna with four linearly polarised
plane waves. In Fig. 6, we present three snapshots of the
electric field intensity around a 600 nm long, 160 nm
diameter silver nanorod, oriented along ŷ and centred at
the origin, as a cold spot was moved along the circular
trajectory shown in Fig. 6(a). The cold spot path lies
entirely in the y=−200 nm plane, and even passes
through the nanorod. The polarisation and phase of two
incident plane waves, both of wavelength λ= 500 nm and
with wavevectors ka ¼ kx̂ and kb ¼ kẑ, were modulated
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Fig. 5 Perturbation response a Response of a cold spot, positioned exactly between the two dipolar scatterers treated previously, to changes in the
real and imaginary parts of the scatterers’ permittivity. The dipoles are under constant illumination by two plane waves with amplitudes which
assume εAg ¼ �8:28þ 0:78i. b Response of a cold spot in its relative position r0 þ Δr, where r0 ¼ �200x̂ nm, to a silver nanorod oriented along ŷ
and originally centred at the origin, when the nanorod is displaced by a vector Δr ¼ Δxx̂þ Δzẑ. c The total error in the illuminating plane waves,
Δxj j, which causes a unit rise in the electric field magnitude in the cold spot, Etj j, calculated for every cold spot position in the z= 0 cross section of
the silver nanorod of (b). Brighter pixels highlight positions where the cold spot is less sensitive to plane wave error, while darker pixels represent
more error-sensitive locations
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imaging37, while the worst-case eigenvalue is in general
between one and two orders of magnitude smaller. The cold
spot might be tightened significantly by optimising the
particle-plane wave arrangement. Improving particle cou-
pling by adjusting separation, the strength of the scattered
fields by tuning the particle geometry and ka and kb, or
simply increasing the number of particles in the system
could produce smaller cold spots with a more consistent
ellipsoidal shape.

Sensitivity to perturbation
We have so far relied on prior knowledge of the

nanoantenna geometry, position, and permittivity, used
either in an analytical calculation or numerical simulation,
to produce a cold spot somewhere in its near field. Under
the solved-for plane wave amplitudes xi, the cold spot is
disturbed if a nanoantenna parameter deviates slightly,
evaporating completely if the nanoantenna wanders too
far from its supposed position or is the wrong material.
This raises the interesting possibility that with a suitable
probe, our technique becomes a mechanism for nano-
particle position and material sensing.
To test the response of a cold spot to discrepancy in

scatterer permittivity, a fixed cold spot was designed for
an r0 in middle of the nanogap of the two silver point
scatterers of Fig. 2(a), the incident wavelength once again
500 nm (a cold spot in ε space at εAg ¼ �8:28þ 0:78i).
Having obtained xi, the plane waves’ cold spot-making
electric field vectors were kept constant while the real and
imaginary parts of the particle permittivity were changed.
This way, the total electric field, Et r0; εð Þ, was probed
throughout ε space at the fixed real space position r0, and
the intensity enhancement plotted in Fig. 5(a). A rea-

sonably dark cold spot Etj j2
xj j2 <0:01

� �
is shown to exist

within about ±1 of the real and imaginary parts of εAg. If
the two point scatterers are a different material, such as
gold with εAu ¼ �2:77þ 3:18i at λ ¼ 500 nm36, the cold
spot vanishes. This cold spot permittivity sensitivity also
applies to the background. The cold spot fades if the
surrounding effective refractive index deviates from what
is expected, as might occur in the presence of organic
particles (like viruses) and in other biological and che-
mical sensing scenarios. A brief test of this cold spot
behaviour, demonstrating sensitivity to subtle changes in
background refractive index, is provided in the supple-
mental material.

We next assess the response of a cold spot to a displaced
nanoantenna. We consider a silver nanorod of 600 nm
length in free space, oriented along ŷ, centred at the origin
and with 160 nm diameter, under illumination by two,
λ ¼ 500 nm plane waves in CST Microwave Studio
simulations. The plane waves have wavevectors ka ¼ kx̂
and kb ¼ kẑ and enforce a cold spot at r0 ¼ �200x̂ nm, as

shown in the lower diagram of Fig. 5(b). If we displace the
nanorod by a vector Δr, and track the electric field in a
position fixed relative to the nanoantenna, r00 ¼ r0 þ Δr,
then a cold spot at r00 is robust to displacements Δr k
ka ´ kb and Δr k ka þ kb because along these vectors, the
two plane waves do not advance in phase at all, or they
advance in phase by the same amount. The intensity
enhancement at r00 is calculated in the upper plot of
Fig. 5(b) for nanorod displacements Δr ¼ Δxx̂þ Δzẑ in
the xz plane, which contains both incident wavevectors.
The obvious feature of Fig. 5(b) is the dark stripe which
stretches over Δr parallel to x̂þ ẑ; under these displace-
ments, the nanorod tows the cold spot away from its
original absolute position, whereas the cold spot is sen-
sitive to displacements Δr?x̂þ ẑ.
Finally, we disturb the cold spot via perturbations in the

incident plane waves. If there is a random complex error
Δx added to the calculated complex amplitude of each
plane wave component, held in the solution x, then the
cold spot becomes blurred and a non-zero electric field is
left behind at r0. From (3), this residual electric field is
equal to A r0ð Þ xþ Δxð Þ ¼ A r0ð ÞΔx (since x is the null-
space of A r0ð Þ), and depends therefore on the size of the
error added to the elements of x and the position of the
cold spot, r0. To visualise a cold spot’s position-dependent
response to plane wave error, a map of the xy plane slicing
through the previous silver nanorod is given in Fig. 5(c).
After creating a cold spot at each pixel, 100 samples of
random error are added to the solved-for plane wave
components, and the residual field magnitude left in the
cold spot is averaged for a range of different error mag-
nitudes, Δxj j. The colour of each pixel corresponds to Δxj j

Etj j ,
which is the error magnitude in the two plane waves
which results in a unit increase in the electric field mag-
nitude in the cold spot. If a cold spot is to be made in a
position in Fig. 5(c) with Δxj j

Etj j ¼ 3, for instance, then a total
plane wave error of 3 arb. u. will produce a non-zero cold
spot with a 1 arb. u. magnitude electric field. In the
position of the brighter pixels, the cold spot is more tol-
erant of plane wave error, while the darker pixels repre-
sent much more error-sensitive positions. Since the fields
Eiðr0Þ of [Eq. 2] can be found for r0 inside the nanorod, we
can create cold spots there too. A nanorod of this size’s
inner electric field is naturally low due to losses, meaning
internal cold spots are much less sensitive to plane wave
error (hence the bright solid bar of the nanorod cross
section). Meanwhile, high-contrast cold spots created on
top of the nanorod’s native hot spots (at the corners; the
outer circumference of each end of the nanorod) are very
sensitive to plane wave error.

Cold spot pulse-shaping
Cold spots can also be manipulated under non time-

harmonic incident signals. For a truly ultra-fast command
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over the nanoantenna near field, we can encode the entire
path of a moving cold spot into four modulated pulses,
one per degree of freedom. We must stress that in this
section, we simply raise the possibility of ultra-fast, time-
domain cold spot control, and do not discuss the practi-
cality of generating the pulses with existing technology.
This cannot be guaranteed, though the science and
techniques of ultra-fast pulse shaping is a fast-growing
field. A time-harmonic approximation, through which we
arrive at [Eq. 3], gives a reasonable description of a time-
domain pulse only if its amplitude and phase vary slowly
over time compared to the designed incident frequency.
This has consequences for the clarity of the cold spot.
Here we test the limits of the time-harmonic approx-
imation, showing that a clear cold spot can be moved even
by short pulses. We enforce the time-dependent position

of a cold spot, r0 tð Þ, with two pairs of pulses, designed
under approximation throughout space as x1;2eika�rê1;2 and
x3;4eikb�rê3;4 (although our simulation results account for
propagation delay), each pair describing the time-varying
orthogonal components of one plane wave. Note that it is
not essential to use two plane waves here; one could
instead pulse the nanoantenna with four linearly polarised
plane waves. In Fig. 6, we present three snapshots of the
electric field intensity around a 600 nm long, 160 nm
diameter silver nanorod, oriented along ŷ and centred at
the origin, as a cold spot was moved along the circular
trajectory shown in Fig. 6(a). The cold spot path lies
entirely in the y=−200 nm plane, and even passes
through the nanorod. The polarisation and phase of two
incident plane waves, both of wavelength λ= 500 nm and
with wavevectors ka ¼ kx̂ and kb ¼ kẑ, were modulated

a

c

bCold spot in two-dipole nanogap Cold spot near nanorod

Δx (nm)

z
(n

m
)

0 4020–40 –20

0

40

20

–40

–20

1

0.1

0.01

0.001

3

4

2

1

0

x (nm)

y
(n

m
)

0 200 600400–200–600 –400

0

200

600

400

–200

–600

–400

–6–10–12 –4 –2

–4

4

0

–2

2

–8
Real{ }

Im
ag

{
}

x
y

z

Ea

r0

r0

∆r
Eb

k

kb

|Et|
|Δx|

|Et|2

|x|2

∆r

a
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and originally centred at the origin, when the nanorod is displaced by a vector Δr ¼ Δxx̂þ Δzẑ. c The total error in the illuminating plane waves,
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imaging37, while the worst-case eigenvalue is in general
between one and two orders of magnitude smaller. The cold
spot might be tightened significantly by optimising the
particle-plane wave arrangement. Improving particle cou-
pling by adjusting separation, the strength of the scattered
fields by tuning the particle geometry and ka and kb, or
simply increasing the number of particles in the system
could produce smaller cold spots with a more consistent
ellipsoidal shape.

Sensitivity to perturbation
We have so far relied on prior knowledge of the

nanoantenna geometry, position, and permittivity, used
either in an analytical calculation or numerical simulation,
to produce a cold spot somewhere in its near field. Under
the solved-for plane wave amplitudes xi, the cold spot is
disturbed if a nanoantenna parameter deviates slightly,
evaporating completely if the nanoantenna wanders too
far from its supposed position or is the wrong material.
This raises the interesting possibility that with a suitable
probe, our technique becomes a mechanism for nano-
particle position and material sensing.
To test the response of a cold spot to discrepancy in

scatterer permittivity, a fixed cold spot was designed for
an r0 in middle of the nanogap of the two silver point
scatterers of Fig. 2(a), the incident wavelength once again
500 nm (a cold spot in ε space at εAg ¼ �8:28þ 0:78i).
Having obtained xi, the plane waves’ cold spot-making
electric field vectors were kept constant while the real and
imaginary parts of the particle permittivity were changed.
This way, the total electric field, Et r0; εð Þ, was probed
throughout ε space at the fixed real space position r0, and
the intensity enhancement plotted in Fig. 5(a). A rea-

sonably dark cold spot Etj j2
xj j2 <0:01

� �
is shown to exist

within about ±1 of the real and imaginary parts of εAg. If
the two point scatterers are a different material, such as
gold with εAu ¼ �2:77þ 3:18i at λ ¼ 500 nm36, the cold
spot vanishes. This cold spot permittivity sensitivity also
applies to the background. The cold spot fades if the
surrounding effective refractive index deviates from what
is expected, as might occur in the presence of organic
particles (like viruses) and in other biological and che-
mical sensing scenarios. A brief test of this cold spot
behaviour, demonstrating sensitivity to subtle changes in
background refractive index, is provided in the supple-
mental material.

We next assess the response of a cold spot to a displaced
nanoantenna. We consider a silver nanorod of 600 nm
length in free space, oriented along ŷ, centred at the origin
and with 160 nm diameter, under illumination by two,
λ ¼ 500 nm plane waves in CST Microwave Studio
simulations. The plane waves have wavevectors ka ¼ kx̂
and kb ¼ kẑ and enforce a cold spot at r0 ¼ �200x̂ nm, as

shown in the lower diagram of Fig. 5(b). If we displace the
nanorod by a vector Δr, and track the electric field in a
position fixed relative to the nanoantenna, r00 ¼ r0 þ Δr,
then a cold spot at r00 is robust to displacements Δr k
ka ´ kb and Δr k ka þ kb because along these vectors, the
two plane waves do not advance in phase at all, or they
advance in phase by the same amount. The intensity
enhancement at r00 is calculated in the upper plot of
Fig. 5(b) for nanorod displacements Δr ¼ Δxx̂þ Δzẑ in
the xz plane, which contains both incident wavevectors.
The obvious feature of Fig. 5(b) is the dark stripe which
stretches over Δr parallel to x̂þ ẑ; under these displace-
ments, the nanorod tows the cold spot away from its
original absolute position, whereas the cold spot is sen-
sitive to displacements Δr?x̂þ ẑ.
Finally, we disturb the cold spot via perturbations in the

incident plane waves. If there is a random complex error
Δx added to the calculated complex amplitude of each
plane wave component, held in the solution x, then the
cold spot becomes blurred and a non-zero electric field is
left behind at r0. From (3), this residual electric field is
equal to A r0ð Þ xþ Δxð Þ ¼ A r0ð ÞΔx (since x is the null-
space of A r0ð Þ), and depends therefore on the size of the
error added to the elements of x and the position of the
cold spot, r0. To visualise a cold spot’s position-dependent
response to plane wave error, a map of the xy plane slicing
through the previous silver nanorod is given in Fig. 5(c).
After creating a cold spot at each pixel, 100 samples of
random error are added to the solved-for plane wave
components, and the residual field magnitude left in the
cold spot is averaged for a range of different error mag-
nitudes, Δxj j. The colour of each pixel corresponds to Δxj j

Etj j ,
which is the error magnitude in the two plane waves
which results in a unit increase in the electric field mag-
nitude in the cold spot. If a cold spot is to be made in a
position in Fig. 5(c) with Δxj j

Etj j ¼ 3, for instance, then a total
plane wave error of 3 arb. u. will produce a non-zero cold
spot with a 1 arb. u. magnitude electric field. In the
position of the brighter pixels, the cold spot is more tol-
erant of plane wave error, while the darker pixels repre-
sent much more error-sensitive positions. Since the fields
Eiðr0Þ of [Eq. 2] can be found for r0 inside the nanorod, we
can create cold spots there too. A nanorod of this size’s
inner electric field is naturally low due to losses, meaning
internal cold spots are much less sensitive to plane wave
error (hence the bright solid bar of the nanorod cross
section). Meanwhile, high-contrast cold spots created on
top of the nanorod’s native hot spots (at the corners; the
outer circumference of each end of the nanorod) are very
sensitive to plane wave error.

Cold spot pulse-shaping
Cold spots can also be manipulated under non time-

harmonic incident signals. For a truly ultra-fast command
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electric field components of independent plane waves, or
any other parameter like the incidence direction or scat-
terers’ relative position or geometry, when allowed to
change. A manufactured cold spot is sensitive to small
changes in a nanoantenna’s material or position, which
can disturb or completely destroy it. With a suitable
probe, this delicate cold spot characteristic could act as a
nanoparticle permittivity and position sensor. We have
shown a way to unlock complete control of the electric
field around a structure, to create unique, three-dimen-
sional, highly sub-wavelength and zero-magnitude cold
spots anywhere in its surroundings, with simple and
potentially ultra-fast modulation of the incoming fields’
polarisation and intensity.

Materials and Methods
Our study adopts two kinds of calculations to create

cold spots and verify their existence. The first is an
analytical calculation, used in MATLAB to enforce cold
spots in the space of a simple, two-dipole, two-plane
wave model. The second involves numerical simula-
tions in CST Microwave Studio, a commercial electro-
magnetic solver, of more complicated, exact particle
geometries. Simulations may be conducted for time-
harmonic and pulsed plane wave illumination. The
time-domain solver, which uses the Finite Integration
Technique (FIT) and a hexahedral mesh, was used to
calculate results in both time-harmonic and pulsed
illumination cases.

Analytical results
The results which show a cold spot moved in a helical

path around two point scatterers (Fig. 2(b)) were pro-
duced using a MATLAB code. We modelled the electric
field scattered by the particles as the sum of two exact
dipolar fields, Esca rð Þ ¼ k2

ε0
G r; r1ð Þp1 þ k2

ε0
G r; r2ð Þp2, where

G r; rp
� �

is the dyadic Green’s function originating at the
dipole location, rp, and the electric dipole moment pp

incorporated both the influence of incident fields and
coupling effects. Choosing a cold spot position r0 on the
path, the complex component amplitudes of the two
incident plane wave phasors EaðrÞ and EbðrÞ, which
enforce the cold spot at r0, were found from the nullspace
of A r0ð Þ. Illuminating with these designed plane waves,
the total electric field was evaluated throughout space as
the sum of the incident and scattered fields, Et rð Þ ¼
Ea rð Þ þ Eb rð Þ þ EscaðrÞ, where Ea rð Þ ¼ x1ê1 þ x2ê2ð Þeika�r
and Eb rð Þ ¼ x3ê3 þ x4ê4ð Þeikb�r. The coefficient matrix
A r0ð Þ may be found for a certain r0 using the expression
for Et rð Þ; details are provided in the supplemental mate-
rial. By advancing r0 in steps and repeating the solving
process, the cold spot was moved along the helical path.
Higher order multipoles in the particles were neglected; in
either particle, the electric dipole coefficient was found to

be the only non-negligible Mie scattering coefficient. To
create the permittivity sensitivity plot Fig. 5(a), the total
electric field was instead evaluated throughout ε space at a
fixed real space position, exactly between the two dipoles.

Numerical simulations (time-harmonic)
Time-harmonic simulations for the two particle, torus

and nanorod scenarios were conducted in CST Microwave
Studio. In the inset plots of Fig. 2(b), two physical silver
nanospheres of 80 nm radius were simulated under illu-
mination by the same two plane waves with the same
polarisation as was calculated using the two-dipole analy-
tical model. The torus and nanorod results were produced
entirely numerically; both the nullspace x of A r0ð Þ, and the
total field set up around the particles when under excitation
by x, were found in simulations. To move a cold spot
requires that the polarisation and relative amplitude and
phase of both plane waves change. At first glance, this
suggests that a very large number of individual simulations
need performing to show a cold spot smoothly traversing
space. By exploiting the linearity of Maxwell’s equations,
however, the total number of simulations needed to create
and reveal a cold spot in any position can be minimised to
four. Only the electric fields E1ðrÞ, E2ðrÞ, E3ðrÞ, and E4ðrÞ
from [Eq. 2] need to be evaluated throughout space. The
linear superposition of these electric fields, each multiplied
by the corresponding incident complex component ampli-
tude, can obtain the total electric field from any combina-
tion of plane wave amplitude, phase and polarisation states.
Using this shortcut is exactly equivalent to conducting one
individual simulation per cold spot position r0, wherein
both plane waves are incident at the same time and polar-
ised specifically to create a cold spot at r0.

Numerical simulations (time-domain)
Time domain simulations were also performed in CST

Microwave Studio to obtain the results of Fig. 6. Two
plane waves with wavevectors ka ¼ kx̂ and kb ¼ kẑ were
incident on a 600 nm long, 160 nm diameter silver
nanorod suspended in free space, its length parallel to ŷ.
The pulse shapes shown in Fig. 6(b) correspond to the
components of each plane wave’s time-dependent electric
field vector; the top two waveforms belong to Ea ¼
Eay tð Þŷ þ Eaz tð Þẑ, and the bottom two Eb ¼ Ebx tð Þx̂þ
Eby tð Þŷ. These pulse shapes were used as the simulations’
excitation signals, and were first generated using a
MATLAB code. Above, the time-harmonic simulations
paragraph tells that the cold spot solution xmay be found,
using numerical simulations, for any position r0. Natu-
rally, we can also find the position-dependent solution,
x r0ð Þ, for all r0 in the �200ŷ nm plane. Because simula-
tion results have a finite resolution, we then interpolate
x r0ð Þ over the �200ŷ nm plane, smoothing it between
mesh cells. For a cold spot to move over time in the
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according to the waveforms shown in Fig. 6(b). The top
two pulse shapes correspond to the amplitudes in arbi-
trary units of plane wave a’s ŷ and ẑ components, and the
bottom two the x̂ and ŷ component amplitudes of plane
wave b (further details on generating the pulses are found
in Materials and Methods). In Fig. 6(c), the time-
dependent electric field magnitude is plotted on the
plane containing the cold spot path, also in arbitrary units.
A complete video of moving the cold spot is provided in
the supplemental material. The pulses lasted for 300
carrier wave periods, about 500 fs, though the modulation
could be squeezed into or stretched over a different pulse
duration, this way tuning the balance between the tra-
velling speed and darkness of the cold spot.

Discussion
The polarisation, relative intensity, and phase of two

plane waves with fixed direction yield enough degrees of
freedom to make a zero-magnitude, time-independent
cold spot anywhere in the space around a nanoantenna of

any arbitrary shape. Our work proposes the technique to
realise this control with three examples; in each, a linear
system of equations is constructed and solved to find the
plane wave components corresponding to a set of co-
ordinates for the cold spot. In two of these examples, a
cold spot is held under time harmonic fields and moved
by changing the complex component amplitudes of two
plane waves of constant frequency. In the third example, a
moving cold spot’s path is encoded into four pulse shapes,
two per plane wave, which together send the cold spot
along a circular trajectory near a silver nanorod. We
would like to emphasise this paper’s purpose of presenting
the technique for complete cold spot control rather than
the examples themselves; by no means are we limited to
moving a cold spot in the given paths around a dimer, a
toroidal particle, or a nanorod. Supplying more degrees of
freedom to the system, extra conditions may be put in
place in addition to those supporting the cold spot –
controlling the derivatives of the electric field at a point,
for example. Degrees of freedom may be earned from the
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Fig. 6 Pulsed cold spot (a) Diagram of the silver nanorod and the circular path in the γ=−200 nm plane, along which a cold spot is moved in the
time domain by four modulated pulses. (b) Pulse shapes of the ŷ and ẑ components of Ea (top two waves) and the x̂ and ŷ components of Eb
(bottom two waves) responsible for the movement of the cold spot. A reference amplitude scale to which each pulse is drawn is given next to the
bottom pulse in arbitrary units. (c) Three snapshots of the time-dependent total electric field magnitude, calculated in a time-domain simulation in
CST Microwave Studio, on a section of the y ¼ �200 nm plane in arbitrary units. Each snapshot is taken at the indicated time and shows the cold spot
at a different stage along the circular path. A complete video of the moving cold spot is given in the supplemental material
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electric field components of independent plane waves, or
any other parameter like the incidence direction or scat-
terers’ relative position or geometry, when allowed to
change. A manufactured cold spot is sensitive to small
changes in a nanoantenna’s material or position, which
can disturb or completely destroy it. With a suitable
probe, this delicate cold spot characteristic could act as a
nanoparticle permittivity and position sensor. We have
shown a way to unlock complete control of the electric
field around a structure, to create unique, three-dimen-
sional, highly sub-wavelength and zero-magnitude cold
spots anywhere in its surroundings, with simple and
potentially ultra-fast modulation of the incoming fields’
polarisation and intensity.

Materials and Methods
Our study adopts two kinds of calculations to create

cold spots and verify their existence. The first is an
analytical calculation, used in MATLAB to enforce cold
spots in the space of a simple, two-dipole, two-plane
wave model. The second involves numerical simula-
tions in CST Microwave Studio, a commercial electro-
magnetic solver, of more complicated, exact particle
geometries. Simulations may be conducted for time-
harmonic and pulsed plane wave illumination. The
time-domain solver, which uses the Finite Integration
Technique (FIT) and a hexahedral mesh, was used to
calculate results in both time-harmonic and pulsed
illumination cases.

Analytical results
The results which show a cold spot moved in a helical

path around two point scatterers (Fig. 2(b)) were pro-
duced using a MATLAB code. We modelled the electric
field scattered by the particles as the sum of two exact
dipolar fields, Esca rð Þ ¼ k2

ε0
G r; r1ð Þp1 þ k2

ε0
G r; r2ð Þp2, where

G r; rp
� �

is the dyadic Green’s function originating at the
dipole location, rp, and the electric dipole moment pp

incorporated both the influence of incident fields and
coupling effects. Choosing a cold spot position r0 on the
path, the complex component amplitudes of the two
incident plane wave phasors EaðrÞ and EbðrÞ, which
enforce the cold spot at r0, were found from the nullspace
of A r0ð Þ. Illuminating with these designed plane waves,
the total electric field was evaluated throughout space as
the sum of the incident and scattered fields, Et rð Þ ¼
Ea rð Þ þ Eb rð Þ þ EscaðrÞ, where Ea rð Þ ¼ x1ê1 þ x2ê2ð Þeika�r
and Eb rð Þ ¼ x3ê3 þ x4ê4ð Þeikb�r. The coefficient matrix
A r0ð Þ may be found for a certain r0 using the expression
for Et rð Þ; details are provided in the supplemental mate-
rial. By advancing r0 in steps and repeating the solving
process, the cold spot was moved along the helical path.
Higher order multipoles in the particles were neglected; in
either particle, the electric dipole coefficient was found to

be the only non-negligible Mie scattering coefficient. To
create the permittivity sensitivity plot Fig. 5(a), the total
electric field was instead evaluated throughout ε space at a
fixed real space position, exactly between the two dipoles.

Numerical simulations (time-harmonic)
Time-harmonic simulations for the two particle, torus

and nanorod scenarios were conducted in CST Microwave
Studio. In the inset plots of Fig. 2(b), two physical silver
nanospheres of 80 nm radius were simulated under illu-
mination by the same two plane waves with the same
polarisation as was calculated using the two-dipole analy-
tical model. The torus and nanorod results were produced
entirely numerically; both the nullspace x of A r0ð Þ, and the
total field set up around the particles when under excitation
by x, were found in simulations. To move a cold spot
requires that the polarisation and relative amplitude and
phase of both plane waves change. At first glance, this
suggests that a very large number of individual simulations
need performing to show a cold spot smoothly traversing
space. By exploiting the linearity of Maxwell’s equations,
however, the total number of simulations needed to create
and reveal a cold spot in any position can be minimised to
four. Only the electric fields E1ðrÞ, E2ðrÞ, E3ðrÞ, and E4ðrÞ
from [Eq. 2] need to be evaluated throughout space. The
linear superposition of these electric fields, each multiplied
by the corresponding incident complex component ampli-
tude, can obtain the total electric field from any combina-
tion of plane wave amplitude, phase and polarisation states.
Using this shortcut is exactly equivalent to conducting one
individual simulation per cold spot position r0, wherein
both plane waves are incident at the same time and polar-
ised specifically to create a cold spot at r0.

Numerical simulations (time-domain)
Time domain simulations were also performed in CST

Microwave Studio to obtain the results of Fig. 6. Two
plane waves with wavevectors ka ¼ kx̂ and kb ¼ kẑ were
incident on a 600 nm long, 160 nm diameter silver
nanorod suspended in free space, its length parallel to ŷ.
The pulse shapes shown in Fig. 6(b) correspond to the
components of each plane wave’s time-dependent electric
field vector; the top two waveforms belong to Ea ¼
Eay tð Þŷ þ Eaz tð Þẑ, and the bottom two Eb ¼ Ebx tð Þx̂þ
Eby tð Þŷ. These pulse shapes were used as the simulations’
excitation signals, and were first generated using a
MATLAB code. Above, the time-harmonic simulations
paragraph tells that the cold spot solution xmay be found,
using numerical simulations, for any position r0. Natu-
rally, we can also find the position-dependent solution,
x r0ð Þ, for all r0 in the �200ŷ nm plane. Because simula-
tion results have a finite resolution, we then interpolate
x r0ð Þ over the �200ŷ nm plane, smoothing it between
mesh cells. For a cold spot to move over time in the
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according to the waveforms shown in Fig. 6(b). The top
two pulse shapes correspond to the amplitudes in arbi-
trary units of plane wave a’s ŷ and ẑ components, and the
bottom two the x̂ and ŷ component amplitudes of plane
wave b (further details on generating the pulses are found
in Materials and Methods). In Fig. 6(c), the time-
dependent electric field magnitude is plotted on the
plane containing the cold spot path, also in arbitrary units.
A complete video of moving the cold spot is provided in
the supplemental material. The pulses lasted for 300
carrier wave periods, about 500 fs, though the modulation
could be squeezed into or stretched over a different pulse
duration, this way tuning the balance between the tra-
velling speed and darkness of the cold spot.

Discussion
The polarisation, relative intensity, and phase of two

plane waves with fixed direction yield enough degrees of
freedom to make a zero-magnitude, time-independent
cold spot anywhere in the space around a nanoantenna of

any arbitrary shape. Our work proposes the technique to
realise this control with three examples; in each, a linear
system of equations is constructed and solved to find the
plane wave components corresponding to a set of co-
ordinates for the cold spot. In two of these examples, a
cold spot is held under time harmonic fields and moved
by changing the complex component amplitudes of two
plane waves of constant frequency. In the third example, a
moving cold spot’s path is encoded into four pulse shapes,
two per plane wave, which together send the cold spot
along a circular trajectory near a silver nanorod. We
would like to emphasise this paper’s purpose of presenting
the technique for complete cold spot control rather than
the examples themselves; by no means are we limited to
moving a cold spot in the given paths around a dimer, a
toroidal particle, or a nanorod. Supplying more degrees of
freedom to the system, extra conditions may be put in
place in addition to those supporting the cold spot –
controlling the derivatives of the electric field at a point,
for example. Degrees of freedom may be earned from the
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Fig. 6 Pulsed cold spot (a) Diagram of the silver nanorod and the circular path in the γ=−200 nm plane, along which a cold spot is moved in the
time domain by four modulated pulses. (b) Pulse shapes of the ŷ and ẑ components of Ea (top two waves) and the x̂ and ŷ components of Eb
(bottom two waves) responsible for the movement of the cold spot. A reference amplitude scale to which each pulse is drawn is given next to the
bottom pulse in arbitrary units. (c) Three snapshots of the time-dependent total electric field magnitude, calculated in a time-domain simulation in
CST Microwave Studio, on a section of the y ¼ �200 nm plane in arbitrary units. Each snapshot is taken at the indicated time and shows the cold spot
at a different stage along the circular path. A complete video of the moving cold spot is given in the supplemental material
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Shipborne oceanic high-spectral-resolution lidar for
accurate estimation of seawater depth-resolved
optical properties
Yudi Zhou1,2, Yang Chen1, Hongkai Zhao1, Cédric Jamet3, Davide Dionisi4, Malik Chami5, Paolo Di Girolamo6,
James H. Churnside 7, Aleksey Malinka8, Huade Zhao9, Dajun Qiu10, Tingwei Cui11, Qun Liu1, Yatong Chen1,
Sornsiri Phongphattarawat12, Nanchao Wang1, Sijie Chen1, Peng Chen13, Ziwei Yao9, Chengfeng Le14, Yuting Tao1,
Peituo Xu1, Xiaobin Wang1, Binyu Wang1, Feitong Chen1, Chuang Ye1, Kai Zhang1, Chong Liu1 and Dong Liu 1,2,15✉

Abstract
Lidar techniques present a distinctive ability to resolve vertical structure of optical properties within the upper water
column at both day- and night-time. However, accuracy challenges remain for existing lidar instruments due to the ill-
posed nature of elastic backscatter lidar retrievals and multiple scattering. Here we demonstrate the high performance
of, to the best of our knowledge, the first shipborne oceanic high-spectral-resolution lidar (HSRL) and illustrate a
multiple scattering correction algorithm to rigorously address the above challenges in estimating the depth-resolved
diffuse attenuation coefficient Kd and the particulate backscattering coefficient bbp at 532 nm. HSRL data were
collected during day- and night-time within the coastal areas of East China Sea and South China Sea, which are
connected by the Taiwan Strait. Results include vertical profiles from open ocean waters to moderate turbid waters
and first lidar continuous observation of diel vertical distribution of thin layers at a fixed station. The root-mean-square
relative differences between the HSRL and coincident in situ measurements are 5.6% and 9.1% for Kd and bbp,
respectively, corresponding to an improvement of 2.7–13.5 and 4.9–44.1 times, respectively, with respect to elastic
backscatter lidar methods. Shipborne oceanic HSRLs with high performance are expected to be of paramount
importance for the construction of 3D map of ocean ecosystem.

Introduction
Lidar techniques present distinctive abilities in ocean

remote sensing, providing continuous vertical informa-
tion of optical properties within the upper water column
during both day- and night-time1–3. These techniques
allow improving our understanding of marine ecosystems
and biogeochemistry including the diel vertical migration

of marine species2, carbon cycles4, annual cycles of polar
phytoplankton abundance1, phytoplankton layers5,6 and
Antarctic spring ice-edge blooms7. In addition to this,
future perspectives for the lidar look bright because many
scientific studies that could be effectively carried out, e.g.,
phytoplankton8,9, carbon cycle10, mesoscale eddies11 and
polar regions12, lack continuous, diel, depth-resolved
data. However, the ill-posed nature of elastic backscatter
lidar retrievals and multiple scattering effects could limit
the accuracy of existing lidar techniques, which harpers
our investigation of marine ecosystems and bio-
geochemistry using lidar3,13. A major limitation of the
elastic backscatter lidar is that it needs to infer two
unknowns, attenuation and backscatter, from a single
measurement, leading to an ill-posed problem3. Besides,
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clockwise circular path C of Fig. 6(a), x r0ð Þ for r0 2 C can
be extracted and made a function of time, xCðtÞ. The
speed that the cold spot completes the path, relative to the
incident plane wave period, may be adjusted in xCðtÞ as
desired (possibly with further interpolation). Finally, the
four pulse shapes are the rows of Re xCðtÞe�iωtf g, where
ω ¼ 2π

λ , and λ= 500 nm.
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